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It is shown that a transversal matroid of rank r on a set of cardinality m is 
representable over any field of order greater than m + (,?J. 
1. The object of this note is to give a constructive proof of 
Theorem 1 in [l], that a transversal matroid M is representable over any 
field of order greater than some finite cardinal N = N(M). We also obtain 
an effective bound for N in terms of M, in our Theorem 1 below. We use 
the matroid terminology of [l], and first repeat the main definitions of [l] 
with the minimum generality relevant to our purpose. 
Let S be a finite set, and A = (A(i); 1 < i < n) be a collection of subsets 
A(i) of S, such that S = vi A(i). A partial transversal (PT) of A is a non- 
empty1 set B = (b, , b2 ,..., b,) such that for some set of distinct indices 
. . 
z1 , l2 ,..., ik , we have bj E A($, 1 d j < k. A maximal partial transversal 
(MPT) is a PT which is not a proper subset of another PT. The transversal 
matroid M on S defined by A is the collection of all subsets of S which are 
PT’s of A. A transversal matroid on S is the transversal matroid defined by 
some A. It is clear that a transversal matroid M is uniquely determined by 
its MPT’s, all of which can be shown to have the same cardinality, called 
the rank of M. On the other hand, a given transversal matroid may be 
defined by different collections A of subsets. We shall require the following 
known result; a much stronger version is proved as Theorem 1 in [2]. 
LEMMA 1. A transversal matroid of rank r can be defined by a collection 
A of exactly r subsets. 
* The preparation of this paper was sponsored in part by National Science Founda- 
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1 It is convenient in our context of representability not to allow the empty set. 
179 
Copyright 0 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
180 ATKIN 
Let F be a field. We say that M is representable over F if there exists a 
vector space V over F and an injection v : S -+ V such that a subset B of S 
is a member of M if and only if the vectors v(b) for b E B are linearly 
independent in V. 
We conclude this section by proving two subsidiary lemmata, so as not 
to interrupt the main argument in $2. 
LEMMA 2. Let ~(1 < i < r) be a basis for a vector space V over F, and 
let ~~(1 < j < r) be another basis of V such that 
w, = i a(j, i) vd 
i=l 
(1 < j d r>, 
where the a( j, i) are scalars in F. Then there exists a permutation u of the 
indices 1 through r such that a(ui, i) # 0 for 1 < i d r. 
The proof is shorter than the lemma. The non-zero determinant 
det(a( j, i)) is a sum of terms f nIi a(ai, i); at least one of these terms, and 
hence all its factors a(oi, i) for 1 < i < r, must be non-zero. 
LEMMA 3. Suppose that a non-zero polynomial P in the polynomial ring 
Fb, , 012 ,..., cq,J over afieId F has degree less than the order of F in every 
single variable 01~ . Then the function P* : F” -+ F defined by P is not 
iden tically zero. 
The result is trivial if m = 1. Suppose it is proved for all m < k - 1, 
where k 3 2. Then for any relevant P in ,F[q ,01~ ,..., qJ we may write 
where 0 < p < 1 F 1 , and the Qi(l < i < p + 1) are not all the zero 
polynomial, and lie in F[or, , a3 ,..., qJ. Since p < 1 F 1 , the function P* 
defined by P can only be identically zero if all the functions Qi* defined by 
Qi are identically zero, and this is impossible by the induction hypothesis. 
Thus the result is true for m = k, and hence for all m by induction. 
2. Let now M be a given transversal matroid of rank r on S, 
defined by A = (A(i); 1 < i < r), as is possible by Lemma 1, and let 
S = (s(j); 1 < j < m). Given any field F of sufficiently large order (in a 
sense to be precisely determined later), let ~~(1 < i S r) be a basis for an 
r-dimensional vector space over F. Define u : S + V by 
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where the a(j, i) are scalars in F satisfying the following three conditions: 
(1) a(i, i) # 0 if and only if so’) is in A(i). 
(2) If for any unordered pair j, ,j, , the members s(j,) and A&) of S 
occur in precisely the same subsets A(&), A(i&... of A, where i1 < ia < *-* , 
then we require a(j, , iI) # a(j, , iJ. 
(3) For each maximal transversal (s(&), scjz),..., s(&)) with 
j, cj, < *** <jr, we require that the r-by-r determinant, whose entry 
in the p-th row and i-th column is a(j, , i), be non-zero. 
We prove in Lemma 4 that this injection o does define a representation 
of M over F, and in Lemma 5 that it is possible to choose the aCj, i) so 
that (l), (2), and (3), are satisfied. 
LEMMA 4. Suppose that conditions (I), (2), and (3), are sutisjied. Then M 
is representable over F. 
Conditions (1) and (2) show that v is an injection. If B is in M, then B is 
contained in some maximal transversal B, in M. Condition (3) shows that 
the vectors v(b) for b in B, are independent and hence a fortiori the vectors 
v(b) for b in B are independent. 
Now suppose that B = (s(jl), s(j) 2 ,..., s(jJ) and that the vectors v(b) 
for b in B are independent. Then for some iI < iz < **. < il, the k-by-k 
determinant, whose entry in the p-th row and 7-th column is u(iD , i,), is 
non-zero. So by Lemma 2 there exists a permutation a of 1 through k such 
that p = UT and u(j,, , iJ # 0 (1 Q T < k). Now condition (1) implies 
that s(j,) is in A(&), and so B is a transversal and hence in M. 
LEMMA 5. Let p be the maximum number of appearances of any single 
element of S in the maximal transversals of M. Then, if the order of F is 
greater than p + m, it is possible to choose a(j, i) in F satisfying conditions 
(0, (2), and (3). 
We confine our attention to the non-zero u(j, i) as prescribed by (l), 
which we rename in some order as 01~ ,OL~ ,..., 01,. We now define poly- 
nomials PI , Pz , P3 , in F[ol, ,a2 ,..., a,] as follows: 
(i) PI = ollo12 *a- 01,. 
(ii) P2 = n (01~ - a,), taken over all OL,, = a(j, , Q and g = u(j, , iI) 
occurring in condition (2). 
(iii) Rewrite any determinant occurring in condition (3) as a polynomial 
Q<% , a2 >*.-, a,), and define 
P, = fl Q<a, , “2 3..., ~4 
taken over all maximal transversals. 
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Let P = P,P,P, . Since a polynomial ring over a field has no zero 
divisors, P can only be the zero polynomial if one of the factors of PI , P, , 
or P, , is the zero polynomial. It is clear that neither P, nor Pz has a zero 
factor. If (s(j,), s(j,> ,..., s(j,)) is a maximal transversal then there exists a 
permutation i1 , iz ,..., i, of 1 through r such that s(j,) is in A(i,), 1 ,< p < r. 
Hence the formal expansion of the determinant in (3) contains at least 
one term which is non-zero when expressed in terms of the 01, , by (l), and 
so P, has no zero divisors. Thus P is not the zero polynomial. Now any 
single IX, occurs to degree I in P, , to degree at most (m - 1) in P, , and 
to degree at most p in P, . Thus, if the order of F exceeds p + m, the 
function defined by P is not identically zero, by Lemma 3. Hence we may 
choose (II, in F so that no factor of P, , P, , or P, , is zero, that is, satisfying 
conditions (l), (2), and (3). This completes the proof of Lemma 5. 
We give finally in Theorem 1 a simple bound for N(M), derived 
directly from Lemma 5. 
THEOREM 1. A transversal matroid of rank r on a set of cardinaiity m is 
representable over any$eld of order greater than N, where 
Even for r = 1 this is not best possible (it gives m + 1 instead of m), 
since conditions (1) and (3) overlap. 
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